For two given graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest integer N such that, for any graph G of order N, either G contains G 1 as a subgraph or the complement of G contains G 2 as a subgraph. Let T n be a tree of order n, S n a star of order n, and F m a fan of order 2m + 1, i.e., m triangles sharing exactly one vertex. In this paper, we prove that R(T n , F m ) = 2n − 1 for n ≥ 3m 2 − 2m − 1, and if T n = S n , then the range can be replaced by n ≥ max{m(m − 1) + 1, 6(m − 1)}, which is tight in some sense.
Introduction
In this paper we deal with finite simple graphs only. by joining every vertex of G 1 to every vertex of G 2 . We use mG to denote the union of m vertex-disjoint copies of G. A path, a star, a tree, a cycle and a complete graph of order n are denoted by P n , S n = K 1 + (n − 1)K 1 , T n , C n and K n , respectively. A book B n = K 2 + nK 1 , i.e., it consists of n triangles sharing exactly one common edge, and a fan F n = K 1 + nK 2 , i.e., it consists of n triangles sharing exactly one common vertex. We use ∆(G) and δ(G) to denote the maximum and minimum degree of a graph G.
Given two graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest integer N such that, for any graph G of order N, either G contains G 1 as a subgraph or G contains G 2 as a subgraph, where G is the complement of G. If both G 1 and G 2 are complete graphs, then R(G 1 , G 2 ) is called a classical Ramsey number, otherwise it is called a generalized Ramsey number.
Because of the extreme difficulty encountered in the determination of classical Ramsey numbers, Chvátal and Harary [10] [11] [12] in a series of papers suggested studying generalized Ramsey numbers, both for their own sake, and for the light they might shed on classical Ramsey numbers. The following is a celebrated early result on generalized Ramsey numbers due to Chvátal.
Theorem 1 (Chvátal [9] ). R(T n , K m ) = (n − 1)(m − 1) + 1 for all positive integers m and n.
Let H be a connected graph of order p, χ (G) the chromatic number of G and s(G) the chromatic surplus of G, i.e., the minimum number of vertices in some color class under all proper vertex colorings with χ (G) colors. Based on Chvátal's result, Burr [4] established the following general lower bound for Theorem 2 (Burr et al. [5] ). R(T n , C m ) = 2n − 1 for odd m ≥ 3 and n ≥ 756m 10 .
In 1988, Erdős et al. confirmed the Ramsey numbers of relatively large trees versus books, by showing that T n is B m -good for n ≥ 3m − 3, a result that we will use in our proof of Lemma 2 in the next section.
Theorem 3 (Erdős et al. [13] ). R(T n , B m ) = 2n − 1 for n ≥ 3m − 3.
Other results on Ramsey numbers concerning trees can be found in [1] [2] [3] [6] [7] [8] 14] , see [15] for a survey. In this paper, we first show that S n is F m -good for all integers n ≥ max{m(m − 1) + 1, 6(m − 1)}, by proving the following result. We postpone the proof of Theorem 4 to the last section. Next we show that T n is F m -good for positive integers n ≥ 3m 2 − 2m − 1, which is the main theorem of our paper.
We also postpone the proof of Theorem 5 to the last section. We next show that the following more general result can be obtained from Theorem 5 by induction.
Proof. By Theorem 5, the statement is valid for ℓ = 2. Assume that k ≥ 3 and that the statement holds for all integers ℓ with 2 ≤ ℓ < k. We prove that it also holds for ℓ = k.
Since kK n−1 contains no T n and its complement contains no K k+1 , hence no
, then by the following folklore lemma that is straightforward to prove using a Greedy approach, G contains T n and the proof is complete. We present the lemma in a more specific form since we will use it in this form in the sequel. Lemma 1. Let G be a graph with δ(G) ≥ k, and let u ∈ V (G). Let T be a tree of order k + 1 with v ∈ V (T ). Then T can be embedded into G in such a way that v is mapped to u.
Let us now assume that
This completes the proof of Corollary 1.
We finish this section by posing a conjecture on the best possible lower bound for n for which T n is F m -good.
, and all known results point in this direction. Based on this and Theorem 4, we believe that the above conjecture holds, at least for m ≥ 6.
Two preliminary lemmas
In the next section we use the following lemma in our proof of Theorem 4. It is the special case of the statement of Theorem 4 when m = 2.
Proof. The lower bound R(S n , F 2 ) ≥ 2n − 1 is implied by the fact that 2K n−1 contains no S n and its complement contains no triangle, hence no F 2 . It remains to prove that R(S n , F 2 ) ≤ 2n − 1 for n ≥ 3.
Let G be a graph of order 2n − 1. Suppose that G contains no F 2 and G has no S n . Then ∆(G) ≤ n − 2 and so δ(G)
|Y | = 1 and the vertex in Y has at least three neighbors in X , and so G has F 2 , a contradiction. Hence, n ≥ 4. If
and N Y (x 1 ) is an independent set of cardinality at least n − 2. In this case, we have d(y) ≤ n − 1 for any y ∈ N Y (x 1 ), which contradicts that δ(G) ≥ n.
We use the following lemma in our proof of Theorem 5. It deals with Ramsey numbers of trees versus mK 2 instead of F m and might be of some interest by itself.
Lemma 3. R(T n , mK
Proof. The result is trivial for m = 1, thus we assume that m ≥ 2. Since K n−1 ∪ (m − 1)K 1 contains no T n and its complement contains no mK 2 , we conclude that R(T n , mK 2 ) ≥ n+m−1. It remains to prove that R(T n , mK 2 ) ≤ n+m−1 for n ≥ 4(m−1).
Let G be a graph of order n + m − 1, and suppose to the contrary that neither G contains a T n nor G contains mK 2 . Let M = {x 1 y 1 , . . . , x t y t } ⊆ E(G) be a maximum matching in G and X = V (G) − V (M). Then, obviously t ≤ m − 1 since G contains no mK 2 , and G[X ] is a complete graph by the maximality of M. Assume without loss of generality that
Let Y be the subset of X containing all adjacent vertices of {x 1 , . . . , x t } in G. Then, by the previous arguments |Y | ≤ t ≤ m − 1. Since T n is a bipartite graph, we may assume without loss of generality that 
Proofs of the main results
We use the lemmas of the previous sections to prove our main results in separate subsections.
Proof of Theorem 4
The result is easy to prove for m = 1 and in this case follows also from Theorem 1, and it holds for m = 2 by Lemma 2, thus we may assume that m ≥ 3.
We are first going to show that if n ≤ m(m − 1), then R(S n , F m ) ≥ 2n, showing that the lower bound n ≥ m(m − 1) + 1 is in some sense best possible. Since K 2m−1 contains no F m and its complement contains no S n , we have R(S n , F m ) ≥ 2m, so we only need to consider the case that n ≥ m + 1. There exist positive integers p, q such that n = pm + q and 1 ≤ q ≤ m.
It is easy to check that H is a graph of order n with δ(H) ≥ 1, and that H contains neither S m+1 nor mK 2 . Let H
It remains to show that R(S n , F m ) = 2n − 1 for n ≥ max{m(m − 1) + 1, 6(m − 1)} and m ≥ 3. First we note that since 2K n−1 contains no S n and its complement contains no F m , we conclude that R(S n , F m ) ≥ 2n − 1. To prove R(S n , F m ) ≤ 2n − 1, let G be a graph of order 2n − 1 and suppose to the contrary that G contains no Since
We first prove the following two claims.
, and hence |X w | ≤ 4m − 6, which contradicts |X w | ≥ n − 2(m − 1) ≥ 4m − 4. Therefore, for any vertex w of V (G), either w ∈ V 1 or w ∈ V 2 .
Any vertex w of Z v has at most one adjacent vertex in X v , hence w ∈ V 1 . Thus, Z v ⊆ V 1 . By symmetry, Z u ⊆ V 2 .
Claim 2. For any two vertices w
Proof. It is sufficient to prove the first statement. For any two vertices w 1 , w 2 ∈ V 1 , since
By Claim 1, every vertex belongs to either V 1 or V 2 , but not both. 
we choose a subset of V 1 containing Z v and any n − |Z v | vertices of V 1 − Z v . For simplicity, this subset of V 1 is also denoted by V 1 in the sequel. Thus, |V 1 | = n.
In the remainder, we prove that there exists a vertex z 0 of 
Proof of Theorem 5
Recall that we want to prove that R(T n , F m ) = 2n − 1 for all integers n ≥ 3m 2 − 2m − 1. The lower bound R(T n , F m ) ≥ 2n − 1 is implied by the fact that 2K n−1 contains no T n while its complement contains no F m . Now we prove the upper bound.
We may assume that m ≥ 2 since the result is easy to prove for m = 1 and in this case follows also from Theorem 1. Let G be a graph of order 2n − 1 with n ≥ 3m Next we prove that Theorem 5 holds when ∆(T n ) ≥ 13n/24. Let u be a vertex of largest degree in T n , let A denote the set of vertices of T n that are adjacent to u and have degree one in T n , and let B denote the set of vertices of T n that are adjacent to u and have degree at least two in T n . Then, obviously since T n is a tree, |V (T n )| ≥ 1 + |A| + 2|B| and ∆(T n ) = |A| + |B|. Since |V (T n )| = n and we assume that ∆(T n ) ≥ 13n/24, we obtain that |A| + n = 1 + 2|A| + 2|B| = 1 + 2∆(T n ) ≥ 1 + 13n/12, hence |A| ≥ n/12 + 1. Then T n − A is a tree of order at most 11n/12 − 1. We want to apply Lemma 1 to embed T n − A in G such that u is mapped to the vertex of degree n − 1 of an S n . Since |V (T n − A)| ≤ 11n/12 − 1, it is sufficient to show that δ(G) ≥ 11n/12 − 2 and that G contains an S n . 
G contains an S n . By Lemma 1, T n − A can be embedded in G such that u is mapped to the vertex with degree n − 1 of the S n . Because u now has at least n − 1 adjacent vertices in G, the embedding of T n − A can easily be extended to T n in G. This contradicts the assumption that G contains no T n , completing this case. So, in the remainder of the proof we assume that ∆(T n ) < 13n/24.
By Lemma 1, δ(G) ≤ |V (T n )| − 2 = n − 2; otherwise we can embed T n in G. So we obtain that ∆(G) ≥ n. Let x be a vertex with d(x) = ∆(G) ≥ n, let M = {x 1 y 1 , . . . , Proof. Since T
